The relativistic hypervirial and Hellmann-Feynman theorems for the Klein-Gordon (KG) 
, is well known: the eigenvalues are given by [2] E -E(O) [12] and I/N expansions [13] . For radial potentials, the KG equation may also be rewritten in terms of the elements of an so(2, 1) Lie algebra [14] and, as in the nonrelativistic case [15] , a perturbation theory may be formulated. However, this method is extremely tedious for relativistic problems [16] . In comparison, the HVHF method will be seen to yield an extremely simple perturbation method.
It is interesting to note that a closed-form solution to the KG equation also exists in the case that both V(r) and W'(r) in (1.1) [9] Assume that P=r 'R(r)Y'(8, $) is a solution to Eq.
(1.1) and that 0 is self-adjoint on &. Then 
-(2k+ 1 )ZE(r" '), (2.5) where E is given in Eq. (1.2) . This is the result obtained by Epstein [Ref. [9] , Eq. (6) Table I. B. KG Hellmann-Feynman theorem [9] Assume that the KG operator F in Eq. (1.1) contains a scalar parameter A, and that the operator t)P/t)A, is also self-adjoint in &. Then, for a solution f, (2.6) Now assume that the explicit A, dependence of Fis con- (rk) 
The normalization condition (r ) =1 implies that In addition to the RS expansions for these problems, we also consider their continued-fraction (CF) representations [19] which have the form where 3, B, a, and b are constants, with m = 1,2, 3, . . ..
In addition, these RS expansions are typically negative Stieltjes for n 1 [21] , which implies that C(A, ) in Eq.
(2.12) is an S fraction, i.e. , all coefficients c"are positive.
When such Stieltjes series coefficients behave asymptotically as in Eq. (2.13) , the large-order behavior of the CF coefficients c" is given by [20] c"=O(n ) as n~~. (2. 14) III. SPECIFIC [22] to the series for E(z). It is computationally advantageous to generate these diagonal Pade sequences by means of CF's. In many cases, however, there also exists an important relationship [20] between the asymptotics of the CF coefficients c"and [23], p. 80) having the form R (r )-e~'"' as r~~is as-
+AZ(p+2k+1)(r"+~')+A(2k+p+2)E(r"+~) -A, (k+p+1)(r"~) =0, kEZ, (3.2) and may be compared with their unperturbed counterparts in Eq. (2.5 " ' a~" (3. 3)
The HF relations provide the following connection between the expansion coefficients for the energy and expectation values (for simplicity of notation, we omit quantum number indices): followed by a rearrangement yields -Z g E"C'"i '+Z(p+1)C'":i'' -(p+1)Ciq" '+(p+2) g E "C'" ' '' -g E'J'E'" (3.6) For the case p =1, i.e. , a linear perturbing potential, the first three RS coefficients for the energy E are given in Table II 
+Am(q+2k+2)(r"+~)+A, (k+q+1)(r"+~) =0 (3.8) and the Hellmann-Feynman theorem yields m(r~)+A(r q) E -Z (r -')=0. (3.9) The HF relations imply the following connection between expansion coefficients:
B. Perturbed scalar potential -"perturbed mass"
We now consider the~-mesonic atom with radial perturbations to the mass term, i. Klein-cordon~-mesonic atom with perturbed scalar potential, i.e. , V(r) = -Zlr+A. r in Eq (3.7), for various values of Z and X. Each entry is the convergent w39(A. ) of the Stieltjes continued-fraction representation (equivalently, the [19, 19] Pade approximant) of the RS perturbation series. The convergent w40(k) ( [19, 20] C'" "+mC'"' -y (i. +1)E" + "(ZC("-')+E( -)) (n+1)(zc'", +E(") (3.10) The following recursion relations follow from the HV equations: as has been done for the Dirac equation [10] and for the nonrelativistic case [24] . 
